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Binary models

Binary models have a dependent variable consisting of two
categories.



Binary models

Binary models have a dependent variable consisting of two
categories.

For example,

Vote on a particular law

Turning out in an election

Approval in a referendum

Bankrupt or not
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Logistic regression

Stochastic:

Yi = Bernoulli(� i ) = � yi
i (1 � � i )1� yi

Variance of stochastic component:

V (Yi ) = � i (1 � � i )

Systematic:

� i = g(Xi � ) =
1

1 + e� Xi �
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Logistic regression

Resulting predictions:

are bounded between 0 and 1

show limited e�ect at extremes

are a smooth, monotone translation from linear predictionXi �



Logistic regression in R

model <- glm(y ~ x1 + x2 + x3,
data=data,
family=binomial(link="logit"))

summary(model)
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Graphical interpretation

Useful for plotting relationship between onex and � , holding the
other values ofX constant (e.g. at the mean, median, etc.).

Because thelink function g(Xi � ) is not linear in this case (but
insteadg(Xi � ) = 1

1+ e� Xi � ), the e�ect of x on Y depends on allX .



Graphical: example in R

m <- glm(y ~ x1 + x2 + x3,
family=binomial(link="logit"))

curve(1/(1+exp(-(coef(m)[1]
+ coef(m)[2]*x
+ coef(m)[3]*mean(x2)
+ coef(m([4]*mean(x3)))),

from=0, to=1)



Graphical: example
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Fitted values

A second useful way of interpretinglogit regression coe�cients is
by describing typical cases or interesting examples.



Fitted values

A second useful way of interpretinglogit regression coe�cients is
by describing typical cases or interesting examples.

Party Amount Pr(Vote = 1) 95% C.I.
Republican $10000 .83 [.69,.95]
Democrat $10000 .44 [.27,.65]
Republican $20000 .93 [.84,.99]
Democrat $20000 .69 [.44,.95]



First di�erences

Basic idea is to calculate and present:

� �̂ = g(X � ) � g(X � � );

wherebyX � di�ers only in one variable fromX.



First di�erences

Basic idea is to calculate and present:

� �̂ = g(X � ) � g(X � � );

wherebyX � di�ers only in one variable fromX.

Variable Values Di� 95% C.I.
Party Rep, Dem -.34 [-.53,-.11]
Amount $10000, $20000 .11 [.03,.20]



Derivatives
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Derivatives

� �̂
Xj

= � j �̂ (1 � �̂ )

Hence a quick method to interpret logit coe�cients is to divide
them by 4 to get the slope at ^� = :5.



Presentation

Bottom line: it is much better to presentinterpretable and
understandableinferences, with an indication of the level of
uncertainty, than to present simply estimated coe�cients.



Presentation

E.g. \An increase in automobile support for a Republican senator
from $10000 to $20000 in total increases his or her probability to
vote for the Corporate Average Fuel Economy standard bill by
11%, give or take 7%, all else equal."
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Threshold models

Imagine we have a latent, unobserved variable:

Y �
i � f (� i )

� i = Xi �

With the following observation mechanism:

yi =

(
1 if y �

i > 0

0 if y �
i � 0:



Threshold models
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logit model.



Threshold models

If f (� i ) is the standardised logistic distribution, we replicate the
logit model.

f (Xi � ) =
ey �

i � � i

(1 + ey �
i � � i )2
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Threshold models
Alternatively, if f (� i ) is the cumulative standard normal
distribution (� 2 = 1), we have theprobit model.

Hence� can now be interpreted as the e�ect of an increase by 1 in
X on Y � , whereby the unit ofY � is one standard deviation.

Pr(Yi = 1 j�; Xi ) = �( Xi � );

whereby �( x) is the cumulative standard normal distribution (i.e.
the surface between�1 and x under a normal distribution with
� = 0 and � 2 = 1).

pnorm(Xb)
predict(m, type="response")



Threshold models
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Predictions check

One method of checking the predictions is to

Group the cases in bins based on their predicted probabilities,
e.g. 0-10%, 10-20%, etc.

Plot the bins against the number of ones found in this bin.

The closer this is to the 45 degree line, the more accurate the
predictions of the probabilities.

In R, you can use the custom functionplot.predicted() .



P
redictions

check

0.0
0.2

0.4
0.6

0.8
1.0

0.0 0.2 0.4 0.6 0.8 1.0

P
redicted probability

Proportion of outcomes positive



Predictions check
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Ordered data

Models where the dependent variable is categorical, and the
categories are in a particular order.



Ordered data

Models where the dependent variable is categorical, and the
categories are in a particular order.

We can thus take a similar latent variable approach.
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Ordered probit

Y �
i � N(� i ; 1)

� i = Xi �

With the following observation mechanism:

yi = j if � j � 1 � y �
i � � j

Or, alternatively, when we use dummy variables for each category:

yij =

(
1 if � j � 1 � y �

i � � j

0 otherwise:
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yij =

(
1 if � j � 1 � y �

i � � j
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Ordered probit

yij =
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m <- polr(y ~ x1 + x2, method="probit")



Ordered probit

yij =

(
1 if � j � 1 � y �

i � � j

0 otherwise:

Pr(Yi = j j�; Xi ) = �( � j � Xi � ) � �( � j � 1 � Xi � )

To estimate in R:

m <- polr(y ~ x1 + x2, method="probit")

To get predicted probabilities:

pnorm(m$zeta[2] - xb) - pnorm(m$zeta[1] - xb)
predict(m, type="probs")



Ordered probit



Exercise
Open datasetuk vote 2004.dta.

trustgov Trust in government
econ Retrospective economic evaluation
demsat Satisfaction with democracy
labvote Labour voter
lrself Left-right self-placement

Estimate / interpret / check:
labvote � trustgov + lrself + econ
demsat� trustgov + econ+ labvote+ lrself
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Multinomial model

Here the dependent variable consists of multiple categories,
without particular order.
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Multinomial model

Here the dependent variable consists of multiple categories,
without particular order.

A latent variable approach will thus not work.

The probabilities for a particular case to be in any of those
categories still has to be one.



Multinomial logit

R function: multinom, in packagennet.



Multinomial logit

R function: multinom, in packagennet.

m <- multinom(y ~ x1 + x2)
summary(m)



Multinomial logit

R function: multinom, in packagennet.

m <- multinom(y ~ x1 + x2)
summary(m)

predict(m, type="probs")



Multinomial logit

Pr(yi = j j�; Xi ) =
eXi � j

P p
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Pr(yi = j j�; Xi ) =
eXi � j

P p
k=1 eXi � k

To get predicted probabilities for a new dataset (X � ) - e.g. one
that is constant on all variables but one:



Multinomial logit

Pr(yi = j j�; Xi ) =
eXi � j

P p
k=1 eXi � k

To get predicted probabilities for a new dataset (X � ) - e.g. one
that is constant on all variables but one:

x.star <- ...

m <- multinom(y ~ x1 + x2 + x3 + x4)

Xb <- X %*% t(coef(m))
denominator <- 1 - rowSums(exp(Xb))
probs <- exp(Xb) / denominator

baseline <- 1 - rowSums(p)
p <- cbind(baseline, p)



Exercise
Open datasetnes96r.dat.

TVnews Days in week watching TV
selfLR Left-Right self-placement (1=left)
PID Party identi�cation
age Respondent's age
educ Respondent's education
income Respondent's family income (binned)
vote Expected vote (0 = Clinton, 1 = Dole)

Estimate / interpret / check:
PID � TVnews+ selfLF+ age+ income+ vote
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The number of visits to a psychologist for a respondent
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Count models

Here the dependent variable is a count (of events).

For example,

The number of con
icts in a particular period

The number of coup d'�etats in the 1980s

The number of visits to a psychologist for a respondent

Note:

Truncated at zero (no negative outcome possible)

No upper limit

Limited by time, place, or both
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regular underestimation of the variance (overdispersion, most
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Poisson regression

Stochastic:Yi � Poisson(� i )

Systematic:� i = eXi �

Poisson distribution:

f (k; � ) =
� ke� �

k!

Note that there is no parameter for the variance. This leads to
regular underestimation of the variance (overdispersion, most
common) or overestimation of the variance (underdispersion).

glm(y ~ x1 + x2 + x3, family=poisson)



Poisson regression

The exponential of the coe�cients can be interpreted in a
multiplicative sense.

E.g. if the coe�cient of X1 is 0.012, thene0:012 = 1 :012 implies
that an increase ofX1 by 1 increasesY by 1.2%.



Estimating overdispersion

The estimated overdispersion of a Poisson model is

1
n � k

nX

i

(
yi � ŷi

sd(ŷi )
)2 =

1
n � k

nX

i

(
yi � eXi �

p
eXi �

)2;

which has a� 2
n� k distribution.
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Negative binomial

The negative binomial model is useful foroverdisperseddata:

Stochastic:Yi � NegBin(�; � 2)

Systematic:� = eXi � = E(Yi )

Variance:V (Y jX ) = �� 2

When � 2 approaches 1, the negative binomial approaches the
Poisson distribution.

library(MASS)
glm.nb(y ~ x1 + x2 + x3)



Exercise
Open datasetquinewhich is part of the MASS library in R.

Eth Ethnicity: aboriginal or not
Sex Sex of respondent
Age Age group
Lrn Average or slow learner
Days Days absent from school in a year

Estimate / interpret / check both poisson and negative binomial:
Days � Eth + Sex+ Age+ Lrn
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