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Four topics

Missing data March 27
Fixed & random e�ects April 3
Time-series models April 10
Causation and inference April 17
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Time-series

A time-series is a set of observations
measured over time - the same measure is
repeated at di�erent points in time.

E.g. GDP per capita for a particular country
for each year; a test of students' performance
executed every half year.
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Time-series

Typical examples:

Many economic variables

Public opinion polls

War / con
ict data
Democracy data

etc.



The problem
A key assumption of (linear) regression is
that observations are independent.



The problem
A key assumption of (linear) regression is
that observations are independent.

Generally, in time-series, the observations
depend on each other. If GDP is high in
1999, it is likely to be high in 2000.



The problem
A key assumption of (linear) regression is
that observations are independent.

Generally, in time-series, the observations
depend on each other. If GDP is high in
1999, it is likely to be high in 2000.

Treating them as independent observations
suggest that you have far more information
than you do.
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The problem

Using regular regression, ignoring the
time-series dimension leads to:

Unbiased but ine�cient estimates

Downward biased standard errors in the
presence of positive autocorrelation

IncreasedR2
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Prediction vs explanation
In time-series more than in other areas of
statistics / econometrics, there is a focus on
prediction, orforecasting.

For forecasting, often it is su�cient to look
at just the one variable one tries to predict,
rather than a multivariate model.

We will discuss basic concepts in univariate
models �rst and multivariate, explanatory
models later.
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time t , yt � 1 refers to thelagged value, i.e.
the value of variabley at timet � 1, the
observation just one time period before time
t .



Lagged variables

Whenyt refers to the value of variabley at
time t , yt � 1 refers to thelagged value, i.e.
the value of variabley at timet � 1, the
observation just one time period before time
t .

A lag can have any lengthk (k > 0), yt � k.
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change in variabley at timet , is called the
�rst di�erence, � yt = yt � yt � 1.



First di�erences

The di�erence betweenyt andyt � 1, or the
change in variabley at timet , is called the
�rst di�erence, � yt = yt � yt � 1.

Again, di�erences can have di�erent lag
lengths or can be seasonal.



Outline
1 Introduction
2 Univariate time-series

Typical processes

Stationarity

Autocorrelation

GARCH models
3 Multivariate time-series
4 Further topics and information



Outline
1 Introduction
2 Univariate time-series

Typical processes

Stationarity

Autocorrelation

GARCH models
3 Multivariate time-series
4 Further topics and information



Time-series processes

A time-series can have been generated by
various di�erent types of processes.

Which process generated the data of course
a�ects which econometric model is more
appropriate to estimate its parameters.
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Linear model
The linear regression model looks like:

yt = � t + " t ;

where� t = X� t , or, if we have no
explanatory variables,� t = � .

For now, we will look at the latter case,
� t = � .

In the linear model, we assume" t to be an
IID variable," t � N(� t ; � 2).
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assumption of entirely independent residuals
by assuming that the residual at timet is a
weighted average between that residual and
the one att � 1.



Moving average process
In the moving average model, we replace the
assumption of entirely independent residuals
by assuming that the residual at timet is a
weighted average between that residual and
the one att � 1.

yt = � t + " t + " t � 1� � 1 < � < 1
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Moving average process

The above is a so-called MA(1) process, a
moving average process with one lag.

This model can be generalised to more lags:

yt = � t + " t + " t � 1� 1 + " t � 2� 2

yt = � t + " t +
LX

l=1

" t � l � l
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Moving average process

Theoretically this model can be generalised
to in�nitely many lags:

yt = � t + " t +
1X

l=1

" t � l � l

Now, we could assume that� l = � l , for
somej� j < 1.
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yt = � t +
1X

l=0

" t � l � l

This can be shown to be equivalent to:
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which is called theautoregressive process.



Autoregressive process

yt = � t +
1X

l=0

" t � l � l

This can be shown to be equivalent to:

yt = � + yt � 1� + " t ;

which is called theautoregressive process.



Moving average process
Simulated data, MA(1),� = :5
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Autoregressive process
Simulated data, AR(1),� = :5
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Autoregressive process
Simulated data, AR(1),� = :9
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ARMA(p,q)

The moving average process, MA(q), and the
autoregressive process, AR(p), can be
combined in the ARMA(p,q) process.



ARMA(p,q)

The moving average process, MA(q), and the
autoregressive process, AR(p), can be
combined in the ARMA(p,q) process.

yt = � t +
pX

l=1

yt � l � l +
qX

l=1

" t � l � l + " t
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Stationarity
These models are based on the assumption of
stationarity.

Strong stationarityrequires that all aspects of the
error distribution are independent of time.

Weak stationarityrequires that the �rst two

moments, the mean and the variance, of the

residuals are independent of time. Note that a

normal distribution is de�ned entirely by the mean

and variance.



Stationary series
yt = yt � 1� + " t , � = :5
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Non-stationary series
yt = yt � 1� + t 
 + " t , � = :9, 
 = :03
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Non-stationary series
yt = yt � 1� + " t , � = 1
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Non-stationary series
yt = yt � 1� + " t , � = 1:04
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Unit roots
The AR(1) model with� = 1 is said to have
a unit root. In this case, shocks will have a
persistent e�ect throughout the series and
the series is notmean reverting.
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Unit roots
The AR(1) model with� = 1 is said to have
a unit root. In this case, shocks will have a
persistent e�ect throughout the series and
the series is notmean reverting.

Such a model is also called arandom walk.

If a model with unit root can be made
stationary by taking �rst di�erences, it is said
to beintegrated of order one,I (0).
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Dickey-Fuller test (auxilliary regression
� yt = ( ! � 1)yt � 1 + " t , or
� yt = ( ! � 1)yt � 1 + 
 t + " t )



Unit roots: testing

Dickey-Fuller test (auxilliary regression
� yt = ( ! � 1)yt � 1 + " t , or
� yt = ( ! � 1)yt � 1 + 
 t + " t )
Augmented Dickey-Fuller test:
extension to higher order.



Outline
1 Introduction
2 Univariate time-series

Typical processes

Stationarity

Autocorrelation

GARCH models
3 Multivariate time-series
4 Further topics and information



Autocorrelation function
The autocorrelation function (ACF) is the
correlation betweenyt andyt � k, which is a
function ofk.



Autocorrelation function
The autocorrelation function (ACF) is the
correlation betweenyt andyt � k, which is a
function ofk.

If we de�ne

Var(yt ) = 
 0

Cov(yt ; yt � k) = 
 k;

then
� k =


 k


 0
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exploratory data analysis, by looking at the observed
correlations, or for analysing a model.
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Autocorrelation function
The ACF, orcorrelogramcan both be used for
exploratory data analysis, by looking at the observed
correlations, or for analysing a model.

For the moving average model:

� 1 =
�

1 + � 2; � k = 0; k > 0

For the autoregressive model:

� k = � k



Autocorrelation function
Theoretical ACF, AR(1) process,� = :5
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Autocorrelation function
Theoretical ACF, AR(1) process,� = :9
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Autocorrelation function
Theoretical ACF, MA(1) process,� = :5
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Autocorrelation function
Theoretical ACF, MA(1) process,� = :9
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Example
Empirical data, change in GDP per capita, Netherlands
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Example
Empirical ACF, change in GDP per capita, Netherlands
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Partial autocorrelation

Instead of looking at the autocorrelation
function, one can look at thepartial
autocorrelation function (PACF). This
describes the correlation betweenyt and
yt � k, given all values ofy in between.



Partial autocorrelation

Instead of looking at the autocorrelation
function, one can look at thepartial
autocorrelation function (PACF). This
describes the correlation betweenyt and
yt � k, given all values ofy in between.

This can quite simply be calculated by
looking at ^� k, the coe�cient on thekth
coe�cient of the AR(k) model.
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GARCH models

Often in time-series, in particular in �nancial
markets, shocks are followed by more shocks,
or increased volatility. In statistics, this
would translate into higher variance following
shocks, thus breaching the assumption of
homoscedasticity / stationarity.

Solution: model the variance following
shocks.



GARCH models

Autoregressive conditional heteroscedasticity
(ARCH)models do exactly that: the
heteroscedasticity is conditional on previous
shocks.



GARCH models

Autoregressive conditional heteroscedasticity
(ARCH)models do exactly that: the
heteroscedasticity is conditional on previous
shocks.

� 2
t = ! + �" 2

t � 1;

whereby! � 0, � � 0.
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autocorrelation in the variance itself, creating
the generalised autoregressive conditional
heteroscedasticity (GARCH).
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GARCH models

This model can be generalised to account for
autocorrelation in the variance itself, creating
the generalised autoregressive conditional
heteroscedasticity (GARCH).

� 2
t = ! +

pX

l=1

� l"2
t � l +

qX

l=1

� l � 2
t � l ;

whereby! � 0, � l � 0, � l � 0 8 l .
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Multivariate time-series

Although univariate time-series can be useful for
forecasting, and they can demonstrate many
fundamentals of time-series analysis, we are often
interested in explaning the variance iny, in
improving our forecasting using additional variables,
or in estimating the e�ect of, say, a change in policy
on the forecasted values.



Multivariate time-series

Although univariate time-series can be useful for
forecasting, and they can demonstrate many
fundamentals of time-series analysis, we are often
interested in explaning the variance iny, in
improving our forecasting using additional variables,
or in estimating the e�ect of, say, a change in policy
on the forecasted values.

So we need to look at the relation between multiple

variables over time.
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Distributed lag models

A autoregressive distributed lag model could
be as follows:

yt = � + yt � 1� + Xt � o + Xt � 1� 1 + " t

The immediate e�ect ofX on Y would be

@Yt

@Xt
= � 0



Distributed lag models
A autoregressive distributed lag model could
be as follows:

yt = � + yt � 1� + Xt � o + Xt � 1� 1 + " t

The e�ect after one time period would be

@Yt +1

@Xt
= � (

@Yt

@Xt
) + � 1 = �� 0 + � 1



Distributed lag models
A autoregressive distributed lag model could
be as follows:

yt = � + yt � 1� + Xt � o + Xt � 1� 1 + " t

The long-run multiplierwould be

� 0 + � 1

1 � �



Error-correction models
Subtractingyt � 1 from both sides, the
distributed lag model could be rewritten as

� yt = � 0� Xt � (1� � )(yt � 1� � 0� � 1Xt � 1)+ " t ;

where� 0 = �
1� � and� 1 = � 0+ � 1

1� � .



Error-correction models
Subtractingyt � 1 from both sides, the
distributed lag model could be rewritten as

� yt = � 0� Xt � (1� � )(yt � 1� � 0� � 1Xt � 1)+ " t ;

where� 0 = �
1� � and� 1 = � 0+ � 1

1� � .

This is an example of anerror-correction
model, which explains the change inyt by
the change inxt and the extent to which
yt � 1 di�ers from the equilibrium value ofy.



Estimation

For both the distributed lag model and the
error-correction model, standard regression
(ordinary least squares) is consistent and
e�cient.



Vector autoregressive
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Vector autoregressive
models

The vector autoregressive model is an
extension of the univariate autoregressive
model.

A bivariate VAR(1) model would have the
following equations:

yt = � 1 + � 11yt � 1 + � 12xt � 1 + "1;t

xt = � 2 + � 21yt � 1 + � 22xt � 1 + "2;t



Vector autoregressive
models

The vector autoregressive model is an
extension of the univariate autoregressive
model.

Or, in vector notation:
�

yt

xt

�
=

�
� 1

� 2

�
+

�
� 11 � 12

� 21 � 22

� �
yt � 1

xt � 1

�
+

�
"1;t

"2;t

�



Vector autoregressive
models

The vector autoregressive model is an
extension of the univariate autoregressive
model.

Ordinary least squares estimation on each
equation separately is consistent; if additional
constraints are imposed,seemingly unrelated
regressionsestimation is more e�cient.
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Spurious regressions
When two variables are uncorrelated, but

nonstationary, they often lead to highly signi�cant

estimates of their correlation in \naive" linear

regression.

yt = yt � 1 + "1;t

xt = xt � 1 + "2;t

yt = � + � xt + " t



Spurious regressions
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Spurious regression

lm(formula = y ~ x)

Estimate Std. Error t value Pr(>|t|)
(Intercept) -0.9646 0.3626 -2.660 0.00911 **
x -0.9207 0.1002 -9.185 6.54e-15 ***

Residual standard error: 3.021 on 99 degrees of freedom
Multiple R-Squared: 0.4601, Adjusted R-squared: 0.4547
F-statistic: 84.37 on 1 and 99 DF, p-value: 6.544e-15



Spurious regressions

This e�ect is caused by the nonstationarity
of the residuals.



Spurious regressions

This e�ect is caused by the nonstationarity
of the residuals.

A straightforward solution, which solves most
cases of spurious regressions, is to add
lagged versions of the dependent and the
independent variables.
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relationship that can be expressed as
yt = � + � xt , i.e. yt is I (1), xt is I (1), but
yt � � xt is stationary,I (0).
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Cointegration
Two variables can both be random walks, as
above, but nonetheless have an equilibrium
relationship that can be expressed as
yt = � + � xt , i.e. yt is I (1), xt is I (1), but
yt � � xt is stationary,I (0).

These two variables are said to be
cointegrated.

Ordinary least squares estimates in this case
will be (super) consistent.



Stationarity

Y X model
stationary - AR(p)

MA(q)
ARMA(p,q)

non-stationary - trend-stationary?
di�erence stationary?

GARCH?
stationary stationary distributed lag

error-correction
VAR

non-stationary non-stationary (spurious?)
cointegrated?
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Time-Series
Cross-Section

Panel data or time-series cross-section (TSCS) combines
issues of multilevel modeling with time series modeling: we
observe data in units over time.

Country Year GDP Population
GER 1990 8.0 80.3
GER 1991 8.3 80.7
GER 1992 7.6 81.0
...
NTH 1990 6.0 17.1
NTH 1991 6.2 17.3
...
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with an autoregressive model leads to serious
bias in estimates.



Dynamic panel data
models

The combination of �xed or random e�ects
with an autoregressive model leads to serious
bias in estimates.

Advanced models exist that deal with this
issue.



Dynamic panel data
models

The combination of �xed or random e�ects
with an autoregressive model leads to serious
bias in estimates.

Advanced models exist that deal with this
issue.

See Badi H. Baltagi,Econometric analysis of
panel data, ch. 8, for an overview of
methods.



Further reading

Marno Verbeek,A guide to modern
econometrics, ch. 8-9,x10.4 - somewhat
technical, but accessible; used as the basis of
this lecture.

Gary King,Unifying political methodology,
ch. 7 - more accessible, but much less
extensive and less conforming to standard
approaches.



Further reading

James D. Hamilton,Time series analysis-
technical and mathematical, but very
extensive overview of time-series methods.

Check also time series books in Sage
Publication'sQuantitative Applications in
the Social Sciences.
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